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N O N - C O N J U G A C Y  OF A MINIMAL DISTAL 
D I F F E O M O R P H I S M  OF THE T O R U S  TO A C 1 

S K E W - P R O D U C T  

BY 

M. R E E S  

ABSTRACT 

A n  e x a m p l e  is g iven  of  a pos i t ive ly  o r i e n t e d  m i n i m a l  d is ta l  C ~ d i f f e o m o r p h i s m  

of the  t o r u s  wh ich  is no t  t opo log i c a l l y  c o n j u g a t e  to  a C ~ s k e w - p r o d u c t .  

Introduction 

Let Hom+(K ") denote  the set of orientation-preserving homeomorphisms  of 

the n-dimensional torus K"  = R"/Z". If T is a minimal element of Hom+(K),  

then it is known that T is topologically conjugate to an irrational rotation of K, 

which is, of course, C =. Correspondingly, if T is a minimal distal element of 

Hom+(K2), it is known (see, for instance, [4]) that T is topologically conjugate to 

a homeomorph i sm of K 2 of the form: 

T~.~ : (x, y) ~ (x + o4 y + g(x)) where g E C(K, K)  and a is irrational. 

In this paper, it is shown that, contrary to what happens for the circle, or for 

almost periodic homeomorphisms  in general, there is a minimal distal C ® 

element of Hom+(K 2) which is not topologically conjugate to any C 1 

homeomorph ism of the form T~.g. 

I should like to thank my supervisor, W. Parry, for suggesting the problem and 

for helpful discussion. I should like to thank the S.R.C. for financial support.  

§1. Preliminaries 

1.1. If f E C(K", K"), then there exists a unique element of C(R °, R"), again 

denoted by ~, such that f(0)@ [0, 1)", and the following diagram commutes:  
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f 
x R" ~R" x 

I f I 1 
f 

Z " + x  K"  ~ K"  Z " + x  

For Hom+(K), this correspondence reduces to a correspondence between 

Hom+(K) and {rE C ( R , R ) : f  is a homeomorphism, f(x + 1 ) = f ( x ) +  1 for all 

x E R, and f(0) E [0, 1)}. 

Note that in what follows, for all equations (inequalities) involving elements of 

C(R", R") corresponding to elements of C ( K " ,  K") ,  the equality (inequality) sign 

denotes real equality (inequality) and not equality (inequality) mod Z". 

1.2. Let Hom+(K) be given the topology of uniform convergence. The 

rotation number  function O : Hom+(K)---> K is continuous. 

If q E Z and f ~  Hom+(K), then p ( f )  = Z + (p /q )  for some p ~ Z if and only if 

there exists x ~ K with f q ( x )  = x. (See, for example, [3], [1] for definition and 

basic properties of p.) 

1.3. DEFINITION. Let f E Hom+(K) with p ( f )  = Z + (p /q )  with p, q coprime 

and positive, 0 =< p < q. We follow [1] in defining f to be semistableforward if: 

f q ( x ) = > x + p  for a l lx  UR. 

1.4. DENJOY'S THEOREM. (See, for example, [3].) Let  f E Hom+(K) be C 2 and 

p ( f )  = Z + a, a ~ [0, 1) and irrational. Then there exists a unique ~ E Hom+(K) 

such that : 

¢(f(x))  = ~(x)  + o~ f o r a l l x ~ R ,  ~(0) = 0. 

~p is called the eigenfunction o f f  corresponding to a. Note that, in particular, f 

is minimal almost periodic. 

§2. Reduction of the problem 

Throughout this section, let f C  Hom+(K) be C ~ with p ( J ) = Z + a ,  a irra- 

tional, ce ~ [0, 1). 

Let T ~ Hom+(K 2) be given by: 

T(x,  y ) = ( f (x ) ,  x + y ). 

Then (K 2, T) is distal, and the maximal almost periodic factor is (K, f). Since 

(K, f)  is minimal by 1.4, (K 2, T) is minimal by [2] §2. 
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Consider the following four statements. It will be shown that 2.4 ~ 2.3 

2.2 ~ 2.1. 

2.I. If T(x,y)=(f(x) ,x+y),  then 

homeomorphism of the form: 

To., : (x,y)w, (x +/3, y +g(x)), 

2.2. 

T is not conjugate to any C 1 

where /3 E R and g E C'(K, K). 

The equation: 

x - ~o ( x )  = ~0 ( ~  ( x ) )  + x ( f ( x ) )  - x ( x )  + ~, 

does not hold for any 0 E C ' (R,R) ,  X ~ C(R,R),  /x E R ,  where 0 and 1" have 

period 1, f,~ ~ = 0, and ~¢ is the eigenfunction of f corresponding to a (see 1.4). 

2.3. For each ~ E CI(R, R) with period 1 and f~ ~ = 0, there exists a strictly 

increasing sequence {ran} of positive integers with: 

[" f (i) sup supx¢~ ,~o ~ 4'(x +ic~) < 2. 

(ii) The sequence 

{ l "  "" It sup ~ (f '(x)- i s ) -  (moires+,) Y~ (f '(x)- i~) 
x E l l  i = 0  i = 0  

is unbounded. 

2.4. There exists a constant B > 0, a sequence {q~} of postiive integers with 

q, . ,  > q~ and a sequence {x~} of elements of R such that, if for each n, m. is any 

multiple of q, with q, _-< m. _-< q~, then: 

(i) - 1 - ~  I --< 1 for r=<q~, r not amu l t i p l eo fq~ .  

~ ' t n  * 1  - -  I n t  -- ! 

2.2 ~ 2.1. If T is conjugate to a C '  homeomorphism of the form T0. ~, we 

can assume /3 = u, and that the conjugacy is given by: 

(x ,y)~(¢(x) ,h(x)+y) where h~C(K,K)  and ~# is the 

eigenfunction of f corresponding to u. 

This is essentially because the group of eigenvalues is preserved under 

conjugacy, and a conjugacy must give 1-1 correspondences between the groups 
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of eigenfunct ions,  and be tween  the groups  of genera l ized e igenfunct ions  of 

o rder  2. The  result follows. 

2.3 ~ 2.2. Suppose  2.2 does  not hold, i.e. the equa t ion  of 2.2 is satisfied by 

some to, X, /z. Replac ing  x by f ' ( x )  in the equat ion,  we obtain:  

if(X)--ia - q ~ ( x ) - / z  = to(~0(x)+ iot)'+X(fi+l(x))-x(fi(x)). 

Summing  over  i f rom 0 to m,  - 1, we obtain:  

n t  --1 mn--I 

~. ( f ' ( x ) -  i e~ ) -m .~ (x ) -m , , / x  = ~ t o ( ~ o ( x ) + i c e ) + x ( f " " ( x ) ) - X ( X  ). 
i - 0  i = 0  

Then  (i) and (ii) of 2.3 cannot  hold s imul taneous ly  for any sequence  {m.}. 

2.4 f f  2.3. Suppose  2.4 holds. 

Let  to E C~(R, R) have  per iod 1, and f~, tO = 0. It sufficces to find a sequence  

{m.} with q. N m.  =< q 2  m.  a mult iple  of q., such that {m./q.} is unbounded ,  

and: 

sup sup 2 t o ( x + i a )  < m .  
x E R  i = 0  

Suppose  to(x) = ET--= a~e2"L Then  Z la~ 12r 2 < ~ and ao = 0. For  all x E R, 

E?:,;-' to(x + i,~) = Y.7-_= a~(2;"_-"2' e 2 ..... )e~'~'~L For  each r, JY~;"-g' e~"~" I_-< m., So 

'lar larl Z e ----< o 
r = - ~  s = o  

+ rrt. =~_qs 
t = -  . 

e g ~ r i r m " ~  - -  1 

J arq~ J 

+ ,,Zm, r'31 a, I 

where  Z '  deno tes  that  the r th te rm is omi t t ed  if r is a mul t ip le  of  q,. Then ,  

by 2.4(i): 

to (x+i~)  <= r'/3lar[+m, I a,q, I ; 
i =0  - ~  I 1 

r'/31a,[ < r -4/3 X ,a,,2r 2~1/2 

Thus  it suffices to find a sequence  {m.} such that:  

(2.5) {m./q.}  is unbounded, q. <= m. <= q~., m. is a multiple of q. and: 

sup m.  • l a , q . l < ~ .  
n I t l_>1 
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Now 

Z la,o.I <= r2la, t 2 x Z (1/(t2q2.)) 
Itl~=l I, . [ t l~ l  

Write  C = {Ei,j~, ( I / t  ~)},/2 and y (q.)  = {E!,j>q. r z I a~ I~} "~. Then  y (q.)--~ 0 as n ~ 

and Zt,!~, I a,,° ] <= Cr (q°)lq.. 
Now take m.  to be the grea tes t  mult iple  of q. which is not g rea te r  than 

Min(q./y(q°).  q2), or take  rn. = q. if qn is tOO small for such a mult iple  to exist. 

Then  the sequence  {m.} satisfies (2.5), as required.  

§3. Solution of the reduced problem 

We are now reduced  to construct ing a C ~ f E H o m * ( K )  with p( f )=  a, a 
i rrat ional ,  such that  f, a satisfy the condi t ions of 2.4. The  const ruct ion is similar 

to Arno ld ' s  const ruct ion [1] of a C ~ f E  H o m + ( K )  with irrat ional  rota t ion 

n u m b e r  and e igenfunct ion which is not absolutely  cont inuous.  

The construction off. Sequences  {fn}, {p.}, {qn}, {X~} (n => 1) will be  cons t ruc ted  

such that:  

3.1. Each  f.  is def ined and analytic in {z : l im z t < 1}, f .  (R) C R, f.  (z + 1) = 

/ . ( z ) + l  for all z, f .  (0) E [0,1),  f ' . ( x )> l /2  for all x E R ,  (so that 

f .  1 R E  H o m + ( K ) ) ,  f.+:JR>=f. I R  and: 

sup I f . ( z ) - f . + l ( Z ) l <  1/2". 
I lmz]<l  

3.2. p.  and q. are copr ime ,  O < p . < q . ,  p ( f . ) = Z + ( p . / q . ) ,  q.+l>q6 and 

p.+l/q.+x - p. /q.  = 1/q.q.+l. 

3.3. f .  is semis table  forward  and has exactly one cycle, i.e. exactly one  finite 

minimal  f . - invar ian t  set (see 1.2). 

3 .4-3.6 hold for  any sequence  {m.} of posi t ive integers  such that  m.  is a 

mult iple  of q. with q° -< m.  =< q~.: 

34 IJ ;e tl < 1/2", 
1 - e 2''~#q" I , 1 - e 2"~i'v.*'/q.*' 

for  r =< q6, r not a mult iple  of qs, s =< n. 

3.5. sup (1/mr) ~ ( f ~ . ( x ) - i p . / q . ) - ( 1 / m r )  ( f . :  ,(x ) -  ip.+l/q.+~) 
xER i=0 i =fl 

< (1/2~÷4)q, for  r ~< n. 



198 M. REES Israel J. Math. 

3.6. {x.} is a sequence in R and: 

m n + l - - I  m a - - 1  

(l/re.+,) ~ (f~,+,(x.)- ip.+dq.+O > ( l / re . )  ~ q ' . ( x . ) -  ip./q.) + (1/4q.). 
i = 0  i ~ 0  

Then let f = lim,f,, a = lim, p,/q,. 
3.2 implies I P , / q . -  P,+l/Cl,*ll < 1/n2q~ for sufficiently large n, hence a is 

irrational ([1] §1). 

Taking limits in 3.4-3.6 implies f, c~ satisfy 2.4, with B = 1/8 in 2.4(ii). For 3.5 

implies that: 

( l /m.)  ~ ( f ' , (x ) - ip , /q~)- (1 /m,)  ~ ( f ' ( x ) - i a )  < 1/16q. 
i = 0  i = 0  

Now use this in 3.6 with r = n and r = n + 1, to get 2.400 with B = 1/8. 

Let p,, q, be arbitrary coprime integers, 0 < pl < q,, and take any f~ satisfying 

3.1 and 3.3 with o ( f l ) =  pdq~ + Z. (Use [1] §1 lemma a to get a unique cycle 

for fl.) 

Suppose f., p., q. have been chosen and define x., f.+,, p .+.  q.+l as follows: 

Choice of x.. There are precisely q. points in any half-open interval of R of 

length one, which correspond to the points of the unique cycle of f . ] R E  

Hom÷(K).  Let y, z E R correspond to points in the cycle with y < z, and such 

that if y < w < z, then w does not correspond to a point in the cycle. Then for 

each i, f'.(y) and f~.(z) have the same property. 

Choose x. with y < x. < z and such that: 

O<f ' . ( x . ) - f ' . ( y )<(1 /8 ) ( f ' . ( z ) - f ' . ( y ) ) ,  O<i  <-_q~- 1. 

Then if rn. is any multiple of q. with q. = rn. < q2: 

rrl--I ran-1 

(3.7) ( l / re . )  ~ ( f ' . ( z ) -  F . (x . ) )>(7/Sm.)  ~ ( f ' . ( z ) - f ' . ( y ) )=  Y/(8q.). 
i =1) i = 0  

LEMMA. (lls)ETs:;(f ' .(x.)- ip.lq.)--> (l/q.)E~"=~, 1 ( f ' . ( z ) -  ip./q.) as s ---> oo. 

PROOV. Clearly, it suffices to show: 

rqn- I qn-1 

(1/rq.) ~ ( f ' . (x . ) - ip . /q .)-->(1/q.)  ~ ( f ' . ( z ) - ip . / q . )  as r---~oo. 
i = 0  i = 0  

But 

(1/rq.) ~ ~ ip./q.) ( l / r )  ~ '+~ - = ( f .  . ( x ° )  s p .  ( f . (x . )  (1/q.) - - ip./q. . 
i = 0  s = 0  
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So it suffices to show that for each i, 0 =< i _-< q. - 1: 
r - I  

( l / r )  ~ (f~s~"(x.)-sp. - i ( p . / q . ) ) - - ~ f ' . ( z ) - i p . / q .  as r--.oo. 
s = O  

For this it suffices to show: 

f ' .+~q°(x . ) - sp . - ip . /q . -~ f~ . ( z ) - ip . /q ,  as s-+oo. 

But this follows from there being no elements of the cycle of [. between x. and z 

([1] §1). Q.E.D. 

Now choose t. > q 6  such that: 

F ' f (I / t)  ~'~ ~'~(x~)- i p . / q . ) -  (1/q.) ~ ( f t . ( z ) -  ip./q.) < 1/(8q.) 
i=O i = O  

for all t => t.. Then if t => t.: 

1--I qn - I  

(3.8) ( l / t )  ~ (f~,(x.)-  ip./q.) > (1/q.) ~ ( f t . ( z ) -  i p . / q . ) -  1/(8q.) 
i = 0  i = 0  

m - 1  

= ( l / re . )  ~'~ ( f ; ( z ) -  i p . / q . ) -  1/(8q.) 
i=O 

r~ -i 

> ( 1 / m . )  ~ ( f f . ( x . ) - ip . /q . )+3/ (4q . )  
i=O 

by (3.7), where m. is any multiple of q. with q. - m. =< q2. 

Choice o f p . + ,  q.,-~. Choose 1/2" > 6 .  > 0  such that if 0 < A  < & ,  f.+l(z) = 

f . ( z ) + A  ( l i m z l < l ) ,  and f.+~ is semistable forward with rotation number 

p.+,/q.+~, then f.+~, p.+,, q.+~ satisfy conditions 3.4, 3.5. Choose a, b ~ Z such that 

a q . - b p ~  = 1. 
Take q.+, = b + uq., p.+l = a + up., for u large enough to ensure q.+~ => t., and 

such that p(f.  + &)>p.+,/q.+~. Then p.+l, q.+, satisfy 3.2 and 3.4. 

Choice of f.+~. Suppose p(f.  +A.)=p.+,/q.+,,  where jr + A. is semistable 

forward. Such a A. exists and is unique ([1] §1). 

Choose L+l(z) = L (z)  + A. + e. (z)  such that p(f.+~) = p.+~/q.+~, e . (x )  >= 0 for 

all x E R. f.+, has a unique cycle, and e. is small enough to ensure 3.1-3.5 are 

satisfied ([1] §1). 

Verification that 3.6 is satisfied. 

m n + l - - ]  qn+l-1 

(1/m.+,) ~ (f'.+,(x.)-ip.+#q.+,)>=(1/q.+,) ~'~ (f'.+,(x.)-ip.+,/q.+,) 
i = 0  i = O  

(since f.+, is semistable forward) 
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q n + l  ~1  q n + l - I  

--> (1/q..O ~ (f'~(x~)- i p . / q . ) -  ( i /q . . , )  
i ~ 0  i ~ 0  

( i p , ÷ , / q , + l -  ip./q.) 

m -1 

> ( l /re .)  ~'~ (f~,(x.)-  ip./q.) + 3/(4q.) - 1/(2q.), 
i=0 

by 3.8, 3.2 and because q.÷l => t., where m. and mn+l are multiples of q., q.÷l 
respectively. 

The construction is completed. 
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