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NON-CONJUGACY OF A MINIMAL DISTAL
DIFFEOMORPHISM OF THE TORUS TO A C’
SKEW-PRODUCT

BY
M. REES

ABSTRACT

An example is given of a positively oriented minimal distal C* diffeomorphism
of the torus which is not topologically conjugate to a C* skew-product.

Introduction

Let Hom (K ") denote the set of orientation-preserving homeomorphisms of
the n-dimensional torus K™ = R"/Z". If T is a minimal element of Hom"(K),
then it is known that T is topologically conjugate to an irrational rotation of K,
which is, of course, C”. Correspondingly, if T is a minimal distal element of
Hom"(K?), it is known (see, for instance, [4]) that T is topologically conjugate to
a homeomorphism of K? of the form:

T..:{x,y)(x +ay+g{x)) whereg € C(K, K)and « isirrational.

In this paper, it is shown that, contrary to what happens for the circle, or for
almost periodic homeomorphisms in general, there is a minimal distal C*
element of Hom"(K?) which is not topologically conjugate to any C'
homeomorphism of the form T, ,.

I should like to thank my supervisor, W. Parry, for suggesting the problem and
for helpful discussion. I should like to thank the S.R.C. for financial support.

§1. Preliminaries

1.1. If f€ C(K",K"), then there exists a unique element of C(R", R"), again
denoted by f, such that f(0) € [0, 1)", and the following diagram commutes:
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f

X R"——————>l[" X
7" +x K"——m8m 5 K" 7"+ x

For Hom"(K), this correspondence reduces to a correspondence between
Hom"(K) and {f € C(R,R): f is 2 homeomorphism, f(x +1)=f(x)+1 for all
x €R, and f(0)€ [0, 1)}.

Note that in what follows, for all equations (inequalities) involving elements of
C(R™, R") corresponding to elements of C(K", K"), the equality (inequality) sign
denotes real equality (inequality) and not equality (inequality) mod Z".

1.2. Let Hom"(K) be given the topology of uniform convergence. The
rotation number function p : Hom"(K)— K is continuous.

If g €Z and f € Hom"(K), then p(f) = Z + (p/q) for some p € Z if and only if
there exists x € K with f?(x) = x. (See, for example, [3], [1] for definition and
basic properties of p.)

1.3. DerNiTion.  Let f € Hom™(K) with p(f)=Z + (p/q) with p, g coprime
and positive, 0 = p < q. We follow [1] in defining f to be semistable forward if:

ff(x)zx+p for all x €R.
1.4. DeEnjoY's THEOREM. (See, for example, [3].) Let f € Hom*(K) be C* and

p(f)=Z+ a, a €[0, 1) and irrational. Then there exists a unique ¢ € Hom"(K)
such that:

e(f(x)=¢(x)+a forallx €R, ¢(0)=0.
¢ is called the eigenfunction of f corresponding to a. Note that, in particular, f

is minimal almost periodic.

§2. Reduction of the problem

Throughout this section, let f € Hom*(K) be C” with p(f)=Z+ «, « irra-
tional, a € [0, 1).
Let T € Hom"(K?) be given by:

T(x,y)=(f(x),x +y).

Then (K?, T) is distal, and the maximal almost periodic factor is (K, f). Since
(K, f) is minimal by 1.4, (K? T) is minimal by [2} §2.
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Consider the following four statements. It will be shown that 2.4 = 2.3 >
22 =>2.1.

2.1, If T(x,y)y=(f(x),x+y), then T is not conjugate to any C'
homeomorphism of the form:

Tes:(x,y)P (x+ B,y +g(x)), where 8 €R and g € C'(K, K).

2.2. The equation:

x—e(x)=gle(x))+ x(f(x))—x(x)+u

does not hold for any ¢ € C'(R,R), x € C(R,R), u €R, where ¢ and y have
period 1, f6 ¢ = 0, and ¢ is the eigenfunction of f corresponding to a (see 1.4).

2.3. Foreach ¢ € C'(R,R) with period 1 and [y = 0, there exists a strictly
increasing sequence {m,} of positive integers with:

m, =1

> (x +ia)| < .

i=0

(i) sup sup

n XER

(ii) The sequence

m,—1 mp el

Zﬂ (f'(x) ~ ia) = (mn/m.r) Zs (fi(x)_ia)”

{sup
xER
is unbounded.

2.4. There exists a constant B >0, a sequence {g.} of postiive integers with
q.+1> g% and a sequence {x.} of elements of R such that, if for each n, m, is any
multiple of g, with g. = m, =gq?% then:

(M)

— pimirm
1-e ™" = 1 for r = q%, r not a multiple of g,.
1 q p q

2mira
— €

m, m, -1

@) {ame) S (@)=} - {Wm) 3 ¢ )= ie) 2 Bra.
22 =>21. If T is conjugate to a C' homeomorphism of the form T ,, we

can assume 3 = a, and that the conjugacy is given by:

(x,y)r(e(x),h(x)+y) where h € C(K,K) and ¢ is the
eigenfunction of f corresponding to a.

This is essentially because the group of eigenvalues is preserved under
conjugacy, and a conjugacy must give 1-1 correspondences between the groups
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of eigenfunctions, and between the groups of generalized eigenfunctions of
order 2. The result follows.

2.3 = 2.2. Suppose 2.2 does not hold, i.e. the equation of 2.2 is satisfied by
some ¢, x, u. Replacing x by f'(x) in the equation, we obtain:

flo)—ia =@ (x)=p = dle(x)+ia)+ x(f'(x)) - x(f (x))-

Summing over i from 0 to m, — 1, we obtain:
S ()= i) g (6) = map = 3 Yo (x)+ i)+ x (™ ()~ x (x)

i=0

Then (i) and (ii) of 2.3 cannot hold simultaneously for any sequence {m.,}.

2.4 > 2.3. Suppose 2.4 holds.
Let ¢ € C'(R,R) have period 1, and f5¢ = 0. It sufficces to find a sequence

{m,} with g, =m, =q> m, a multiple of q,, such that {m,/q.} is unbounded,

and:

m_ =]

; x//(x+ia)‘<00.

sup sup

n xER

Suppose ¢ (x)=37__.ae’™™. Then Z|a [’r’<= and a,=0. For all x ER,
= w(x Fia) =25 . a, (S e*™)e*™™. For each |7 2™ | = m,. So

2wirm o __ 1

[4

e ] or

m_—1
S el = 3l
s=0 |

rl=my,

S lal

=
s
+m" zs’aran
t=—qn

where Z' denotes that the r th term is omitted if r is a multiple of g.. Then,

by 2.4(1):

= r'®la |+ m, Z | Qg
—% Jel=1

’

mj Y(x + i)

i r'*la,| = { i r"“”}uzx{ i la, [2r2}1/2<OO.

r=-~x r=—w

r=—m

Thus it suffices to find a sequence {m,} such that:

(2.5) {m./q.}isunbounded, g, = m, = q> m, is a multiple of ¢, and:

sup m, 3 |ag, | <.

IGES!
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Now

r’la,

S lawl={ 3

HEY rlzqn

Write C = {22, (1/£}* and v(g.) = {Zpzq. 1

= Cv(g.)/qn.
Now take m, to be the greatest multiple of g, which is not greater than

I’}?. Then y{g.) >0 as n >

and 21| ag,

Min(g./y(a)- 4»), or take m, = g, if g. is too small for such a multiple to exist.
Then the sequence {m,} satisfies (2.5), as required.

§3. Solution of the reduced problem

We are now reduced to constructing a C” f € Hom"(K) with p(f)=«, «
irrational, such that f, « satisfy the conditions of 2.4. The construction is similar
to Arnold’s construction [1] of a C* f &€ Hom"(K) with irrational rotation
number and eigenfunction which is not absolutely continuous.

The construction of f. Sequences {f.}, {pn}, {4}, {x.} (n = 1) will be constructed
such that:

3.1. Each f, is defined and analytic in {z :|imz | <1}, f,(R)CR, f.(z + 1) =
fa(z)+1 for all z, f,(0)€[0,1), fux)>1/2 for all x ER, (so that
fn , fo|[RZ £, |R and:

sup [f.(2)— faui(z)]| < 12

[Imz{=<

32. p. and g, are coprime, 0<p, < qn, p(fs) =Z+ (pa/qn), 4»+1>q% and
PrnstlQnar = Pulqn = 1/qnGn+1.

3.3. f. is semistable forward and has exactly one cycle, i.e. exactly one finite
minimal f,-invariant set (see 1.2).

3.4-3.6 hold for any sequence {m,} of positive integers such that m, is a
multiple of g. with g, = m, = qx:

2m’vm,p"/q"
34, ks -

< 1/27,

' 1 — e2™™Purinis

1~ elm’rpn”/qnﬂ

1 . eZwup /9,

for r = q¢, r not a multiple of g, s = n.
m —1 m —1

3.5. sup (1/m,) ZO (fu(x)=ip./q.)—(1/m.) ;} (frsi(X) = 1Pnsr/Gnsr)

<(1/2""%q, for r = n.
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3.6. {x.} is a sequence in R and:

n+1"

(l/mn+l) iZO (fiﬂ-l(xn)_ipn+l/qn+l)>(1/mn) .'zo (fi-(xn)—ipn/qn)+(1/4q")'

m, -1

Then let f =lim,f, a =lim,p./q..

3.2 implies [pn/qn = Pa+1/qnei| < 1/n?qh for sufficiently large n, hence a is
irrational ([1] §1).

Taking limits in 3.4-3.6 implies f, o satisfy 2.4, with B = 1/8 in 2.4(ii). For 3.5
implies that:

(1m) 3, ()= ip.fa) = (Um,) 3 (" (x)=ie) | < 1164,

Now use this in 3.6 with r =n and r = n + 1, to get 2.4(ii) with B = 1/8.

Let p,, q: be arbitrary coprime integers, 0 < p, < q,, and take any f, satisfying
3.1 and 3.3 with p(fi) = pi/q. + Z. (Use [1] §1 lemma a to get a unique cycle
for f..)

Suppose f., p», 4. have been chosen and define x,, f..1, Pn+1, gn+1 as follows:

Choice of x,. There are precisely g. points in any half-open interval of R of
length one, which correspond to the points of the unique cycle of f, IRE
Hom"(K). Let y, z € R correspond to points in the cycle with y < z, and such
that if y <w <z, then w does not correspond to a point in the cycle. Then for
each i, f.(y) and f.(z) have the same property.

Choose x, with y <x, <z and such that:

0<fulx) = fr(Y)<AB)(fr(z)— fuly)), O0=isgqi-1

Then if m, is any multiple of g, with g, = m, = q::

m, -1 m, -1

G7 (A/m.) ;} (f(z) = fulxa)) > (7/8m.) 20 (fu(z) = fuly)) = 7/(84.).

LemMa.  (1/s) Si28 (Fo(xa) = ipa/@n) = (1/g.) 200 (fil2) = ipalqn) as s — .

Proor. Clearly, it suffices to show:

rq,—1 -1

(1/rq.) 2; (fu(xa) = ip./q.)— (1/9.) ."2 (fu(2)—ip./g.) as r— o,

0

But

(Uran) 3, (5= /) = () 3, {100 S (5= 50 = ipnla.)}

5=0
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So it suffices to show that for each i, 0=i=gq, - 1:
r—1
(1/r) Zo (X0} = $pu — i (Pn/qn)) = fr(2) — iPalqn as r— o,
For this it suffices to show:

F5(x0) = $Pn = ipa/qn = ful2) ~ipalq.  as s >,

But this follows from there being no elements of the cycle of f, between x, and z

(1] 8D). Q.E.D.
Now choose t, > g% such that:

110) S, (o) = ipafa) = () 5, (42) = ipalan) | < 1(8.)

for all t = ¢,. Then if t = ¢,:

1

G8 ()T (2w = ipaln) > (1/a) 3, ()= ipaldn) = 18a.)

0

= (1/m.) 2 (Fi(2) = ipa/gn) — 1/(Bqn)

m, -1

>(1/m.) ; (fulx.) = ip./qn) + 3/(44.)
by (3.7), where m, is any multiple of g, with g, = m, = q°.

Choice of pa+1, Gn-1- Choose 1/2" > 8, >0 such that if 0 <A <38, fu(z)=
fa(z)+ A (Jimz|<1), and f,,, is semistable forward with rotation number
Pre1/Gns, then foo\, Paer, qa-i satisfy conditions 3.4, 3.5. Choose a, b € Z such that
aq. — bp, = 1.

Take gn.+1 = b + uq., p.+1 = a + up,, for u large enough to ensure q,., = t,, and
such that p(f. + 8.) > pn+1/qns+i. Then p..i, g... satisfy 3.2 and 3.4,

Choice of f.... Suppose p(f, + As) = Pnini/gns1, Where f, + A, is semistable
forward. Such a A, exists and is unique ([1] §1).

Choose fu.i(2) = f.(2) + A. + £.(2) such that p(fac1) = Pasi/qunr, €.(x) 2 0 for
all x €R, f..: has a unique cycle, and ¢, is small enough to ensure 3.1-3.5 are
satisfied ([1] §1).

Verification that 3.6 is satisfied.

Mpq]

(1/m,.1) 2 (forr(Xn) = iPrsi/Gnsr) Z (1/Gns) 2 (fooir(X0) = iPnis/Gusn)

(since f,., is semistable forward)
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Aprr~! A sq~1

= (l/qn+1) :ZO (fi.(xn)_ lp,./qn) - (l/qn+1) .Zo (ipn+l/qn+1 - lp,./qn)

m —1

>(1/m,) ; (fo(xn) = ipa/qn) + 3/(4q.) — 1/(24.),

by 3.8, 3.2 and because ¢,.: = t., where m, and m,., are multiples of gn, gns1
respectively.
The construction is completed.
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